This article is written by students. It may include omissions or imperfections, reported as far as
possible by our reviewers in the editing notes.
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) OUR PROJECT AND THE CHOICE OF THE SUBJECT

This year we had the opportunity to participate in MATh.en.JEANS, an exchange of experience
between Romanian and French people”, where we have acquired a lot of information while working
together as a team and discovering a universe where Mathematics offer us the chance to move
between digits, but most importantly to see beyond the numbers. We have chosen a problem that
inspired us and made us realise how many stories and relations could be hidden in some numbers,
just if we let our minds play around with them and create new ones. Beyond each digit, each
number, each equation there is an idea, waiting to be discovered. As we discover logically, we are
closer to being able to move the Mathematics’ world and finally see it differently.

" This work was done within the framework of the project Erasmus+ “Maths&Languages”.
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Our project consisted in choosing a problem from a list of subjects, being proposed to be solved
during a few months. After a lot of attempts, we have finally reached the answer and we exposed
our problem at the Mathematics conference, placed by ERASMUS in Montpellier to a grand audience
whose attention we tried, as much as possible, to capture with our interesting method of solving it.

Our subject sounded like this: “At the beginning you only have an empty blackboard. At each step
you can either write twice the number 1 on the blackboard or delete two numbers equal to n already
written and replace them by n — 1 and n + 1. How many steps at least will be necessary in order to
reach the number 2017 7"

Not only we saw in this problem the opportunity to master mathematical knowledge, but we also
saw the beauty of some simple numbers that can hide unexpectedly complex ideas. The most
beautiful discoveries in Mathematics were hidden in just some simple ideas which have been found
step by step, by moving each number and giving it a new meaning.

1) OUR SOLUTION

A. The “bad” idea

First of all, we thought that in order to reach 2017 we need 2 of 2016, because to reach n, we
need 2 numbers of n — 1. That is one step. In order to reach 2 of 2016, we need for each one 2 of
2015, meaning that we need 4 of 2015, and this means two steps. We continued with this idea until
we wanted to reach 2 from 1. But how many numbers of 2 and how many numbers of 1 will be
needed and how many steps are there?

We observed the next rule: to reach 2017 from 2016
there are 2° steps. To reach 2016 from 2015, there are

21011 11 11....11 11

21 steps. Therefore, reaching n from n — 1 takes 220171 D0 e
steps. 2015 2015 2015 2015
To reach 2 from couples of 1, there are 22°15 steps

and to write on the blackboard all the couples of 1, there

2016_ 2016

are also 22915 steps.

2017

In order to find the total number of steps, we have to sum up all of the steps that we have done in
order to get every number.

2017 2016 20 steps
2016 2015 2% steps
2015 2014 22 steps
2 1 22015 steps
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B "n1c o~ § =25 —§=22016 ; 22016 _ 22015 _ | —
steps: 20421 422 4 ... 4 22015 4 2015

§= 20421422 4.4 22015 4 2015 | 9 23016 4 22015(2 - 1) -1
26 =21 422 4 23 4 22016 4 92016 = 22016 4 92015 _ 1

Unfortunately, after the joy of thinking that we solved the problem, we had found a contradiction (1).

1111 311 11 1 111 11

22 22 22 22

4 4
120340000
12034000011 5
20203400001
13003400001
12400400001 according to the formula:

12500300001

$=2%+23-1 .
total: 20 steps total: 23 steps

B. The good idea

After rethinking the problem, we have found the main idea for our subject in order to have the
minimum number of steps.

» Each time we find a couple, we will transform it (so that we get the minimum number of
steps) (2).

> If we have a choice between 2 couples, it is preferable that we transform the couple with
greater numbers.

> If the pairs are only couples of zeroes, then we add two ones again and we do not change
them.

Using these rules, we have found the next lines. Each line represents one step.

11

20
2011
2020
3100
310011
321000

O 0O 0O 0O O O O
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We wanted to discover a rule which could have helped us to find the number of the line and we
wanted to find a connection between the numbers on the line and the line itself. At every step, there
are two possibilities, either we add 1 1, either we erase nn and addn — 1 and n + 1. And we found
out that if we calculate the sum of squares of the numbers on every line, we find an interesting
property: the sum increases by 2.

» If we have a line with some numbers which sum of squares is S and we add 1 1, then the
sum of squares on the next line becomes S + 12 + 12 = § + 2.

> If we have a line with some numbers and also, the numbers n n, the sum of squares will
be S +n? +n? = S + 2n? (3). If we erase them and we willadd n — 1 and n + 1, the
sum of squares becomes:

S+(n—1?+Mm+1)?=S+n>-2n+1+n’+2n+1=S+2n%+2.

The reason why these relations will help us further is, maybe not so obviously, reaching the
number of steps. As we sum up the squares of the numbers from each line, we get a certain sum that
divided by 2 will offer us the exact number of steps, as presented lower:

11 11 12+12=2=2x1

20 20 22402=4=2x2

2011 2011 224+024+12+12=6=2x3
2020 2020 22422=8=2x4

3100 1300 12+32=10=2x5
310011 130011 124+12412432=12=2x%6
321000

C. The last line

In order to calculate the number of steps, we need the numbers on the last line. Lower, we
pointed out the lines where the greatest number appears for the first time (4). On one of these lines,
there could be either the following:

Rule 1) N,N-2,N-3,...,3,2,1
OR
Rule 2) N,N-2,N-3,...,3,2,1,1

We will prove those rules using induction. For the first case, when N is 3 for example, we see that
one of that rules applies. We assume that the rule applies for N and we will prove that the rule
applies also for N+1.
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I will assume that the following rule applies (5):

N N-2 N-3 N4 ............... 321
3]
N N-2 N-3N-4 oo, 32111 2020 0040200020000 1
N N-2 N-3 N-4 oo 32210 ;.‘".’ S00802000200002
el 500402000300 )|
N N-2 N-3 N4 ......... 5433110 300201 SOOANANT -
LS04 cUL |
W14
N N-2 N-3 N-4 ........ 5442110 30020111 S00502000200001
30020203 SOOS02000 24 ')
.......................................... 001 S00S0N00200003 0113
NN-2N3N3N5...5432110 40020101 S00402000200002001
4002020 A0SO A .
N N-2N-2 N-4N-5......432110 40020100 2 ZER
bt b S00S04000200 ) | %
NF-I N-3 N-4 N-5........ 432110 4003010011 H005020002 00002000
4003020001 600502000300003 000
N-2 IS MISSING 400202000111 600504000200 "
A'vil"'lfll 2"‘ A5 "“i"‘\.-" . 11
N N-1 N-3 N-4 N-5......... 432200 4003030001 (11 DM IR AR RSO
Al T 005040002 0000200001
N N-1 N-3 N-4 N-5 ........ 433100 400402000101 600504000300003 00001
SO0302000101 HOOSOAO003( 2000
NN-1N-3N-4N-5.....5442100 AN OO0 PO ‘
Lhaad &00S5040003 20000011
......................................... 500303000100 600504000 300002000002
SO0402000%10 005000020000 " 0 Z
NN-1N-3N-3N-5....5432100 i H00504000300003000001C
S 144 -1 h"»'\.o“' 'h‘."" 3 O .‘
NN-IN-2N-4N-5....5432100 5004020002000 600504000 300002060001
0040300010001 500604000300002000004 0
N-3 IS MISSING SOOAN 200020000 oo PR UORY
e Ve b JOOS040003000 20000013
Now, every time we will add 1 1, that sequence will repeat, but finally, on the last line another
number will miss. For example, on the first blue line N-2 in missing, then on the second one, N-3 is
missing. On the next one N-4 will miss, then N-5 and so on until we will reach this line:
WE DID NOT
N N-1 N-2 N-3 N-4........ 54311 (2 1S MISSING) (6) WRITE ALLTHE O
FROM EVERY LINE
N N-1 N-2 N-3 N-4........ 54320
AND ALSO ON THE
NN-1N-2N-3N-4......5432011 LAST LINE IT COULD
N N-1 N-2 N-3 N-4 ....... 5432200 BE ONE NUMBER OF
N N-1 N-2 N-3N-4 ....... 5433100 10RTWO
NUMBERS OF 1,
......................................... THIS DEPENDS AND
NN-TN-ITN-3...oorrieeees 32100 THIS IS WHY THERE
NN N-2 N-3 N4 e 32100 ARE 2 RULES. WE
WILL PROVE BELOW
N+1 N-1 N-2 N-3 N-4........... 32100 WHICH RULE APPLY
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D. The evenness of the sum
The sum remains even at all times.

We start with 1 1. If we sum them up, we get 2, an even number. Then, the sum of 1 1 couples
that we add in order to reach the wanted number is even, and this sum adds to the previous sum
(which is also even), resulting in an even sum. The case in which we end up with n n couples (n +
n = 2nis even) we will writen — 1 andn + 1 whose sumisevenalso(n —1+n+ 1 = 2n).

Coming back, we have to find out when to apply the first rule and when to apply the second one,
in order to precisely reach the last line.

Let’s take some examples: QUICK REMINDER:
40020101 (7 Everything depends on the
6004030002000010 [

' evenness of the sums.
If the sum is even (7):

A. If the greatest number is even, we won’t need another 1, so the first rule applies.
(ex. 6004030002000010)

B. If the greatest number is odd, we need another 1, so the second rule applies.
(ex. 500302000101)

If the sum is odd:

A. If the greatest number is even, we need another 1, so the second rule applies.
(ex. 40020101).

B. If the greatest number is odd, we don’t need another 1, so the first rule applies
(ex. 7005040003000020000010).

E. The actual last line

In order to check whether or not there is another 1 on the last line, we have to consider the evenness of the
sum, excluding 2017.

Our last line: 2017 2015 2014 2013 ... 321[17]

S

2015 + 2014 + 2013 +...+3+2+1
(2015 + 1) + (2014 +2) + (2013 +3) +...+ (1009 + 1007) + 1008
2016 x 1007 + 1008 = 1008 x (2014 + 1) = 2015 X 2016 /2 = 2031120

The sum is even and 2017 is odd, therefore there are two ones on the last line:

2017 2015 2014 2013 ... 3211
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F. We get 2017

The number of steps for the wanted number
S=12+12 +22+4+ 32 + ...+ 2014% + 20152 + 20172

_nx(m+1)x(2n+1)
- 6

S=12+22+4324+-+(n—-1)?%*+n?

Let’s prove this through induction. Following the steps of induction proof, we have to verify the
formula for n=1. Then, we suppose that the formula is accurate for some k > 1 and we verify it for
n=k+1.

=1

A+DR+D _,
et

Forn=k+1

S'=124+22+3%+ -+ (k+1-1)*+ (k+ 1)
Ckx(k+1)x (2k+1)
B 6

= % k+1DQRk: +7k+6) = %(k+1)(k+2)(2k+3) =

+k+1)?%= %(k + D[kQ@k + 1)+ 6(k + 1)]
n(n+1)(2n+1)
6

2015 x 2016 x 4031 41420172

Syory = 6 > — 1366608265

FINAL THOUGHTS

Our problem is not based on very difficult formulas, having the possibility to be understood by all
ages. What would attract the public would be the fact that it is easy to comprehend, even if it has
very interesting ideas. This problem is an opened universe even for children, being a problem that
becomes more and more interesting as you discover new ideas. What links our problem to the
subject of movement? We are playing with the numbers, we make the digits move and we give them
sense. Every digit has a purpose. We use endless lines of numbers, but by moving them and putting
them in order, not only we simplify our work, but we also make associations and discover new
properties.

Take a look at this line, it is meaningless: 00004 10020006003,
but if we move the numbers, we get something interesting: 6 432 1 00000000000

In mathematics everything is moving. We cannot wait a number to show us a universe. We have
to move the numbers in order to find the universe. And our problem let us do that.
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Editing Notes

(1) This is not really a contradiction. The example below shows that the “bad idea” doesn’t give
the least number of steps to reach a given number.

(2) This strategy is certainly a good idea, much more efficient than the “bad“ one, as the final
result shows, and one can conjecture that it is the best possible.
However, it is not proved that it gives the minimal number of steps.

(3) This time, the sum S doesn’t include the squares of the pair n n to be deleted.
(4) In the table below, two lines are missing between 11 and 2020 : 20 and 2011.

(5) Here the first sequence ends with 3 2 1, according to “rule 1”7, and we find later on “blue” lines
(lines without pair n n other than 1 1) ending 32 11 and 3 2 1 alternately.
If we begin with “rule 2”, the scheme is the same except that these last terms will appear in the
opposite order.

(6) The line here could as well end with a single 1, depending on the parity of N (here, with a pair
of 1, we have an odd number of alternances between “N-1 is missing” and “2 is missing”, so N has to
be even).

(7) Here, the sum refers to the sum of the numbers except for the largest one, and taking in account only
one 1, thatis (n — 2) + (n — 3) + --- + 2 + 1 if the largest number is n.
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